Abstract-In this paper we develop a simple but effective mathematical model to capture the file population dynamics of file-shariag peer-to-peer systems. Our modeling framework is based on the theory of branching processes. We describe analytically the behavior of the proposed model. The precise characterization of the necessary and sufficient conditions of population extinctioa or explosion is given based on the system parameters. We also present the expected ratio of active, passive and dead peers for the long-term regime. We validate and demonristrate our results in several simulation studies. Based onl our results we propose a number of engineering guidelines to the design and control of file-sharing P2P systems.
I. INTRODUCTION
Recent traffic measurements (e.g. [1] ) show that the workload generated by P2P applications are the dominant part of most of the Internet segments. In spite of the fact that the popularity of current P2P applications changes fast, it seems that the file sharing-like applications were, are and probably will be the most popular application type among all the P2P applications. P2P file sharing also shows an evolution starting from Napster and going through many new developments resulted in Gnutella, Kazaa, Morpheus, eDonkey, BitTorrent,
etc.
In this paper we analyze the population dynamics of a filesharing peer-to-peer system. We build up a general model which is capable of capturing all the important characteristics of relevant P2P file-sharing systems. We perform a comprehensive performance analysis based on the theory of branching processes. We investigate the characteristics of the system and present several results about the necessary and/or sufficient conditions of extinction, stagnation and explosion of the population size of shared files. Our analytical results are validated by a simulation study and we also present a number of examples about the evolution of population size in different cases. Finally, we derive a number of useful engineering guidelines from the results which may help the design and the control of peer-to-peer file sharing systems.
A. Related work
Most of the early P2P research was mainly focused on traffic measurements and design. These fields are still active and recently several studies were published reporting results on these areas with related characterization studies, e.g. [9] . On the other hand, the performance evaluation of P2P systems is becoming a hot topic of recent research. Starting from [10] where a closed queueing system is used to analyze the performance of a P2P system a number of new results were published trying to get some more understanding about the behavior of such systems. Focusing only on the topic of this paper papers [2] , [3] , [4] , [5] , [6] , [7] , [8] are the most closely related published results.
In [5] the authors studied the service capacity of a P2P system both in the transient regime with a branching process model and also in the stationary regime with a Markov chain model. They have found, among others, an exponential growth of service capacity during the transient phase. Several papers focused on the currently popular BitTorrent P2P applications, e.g. [2] , [8] , [4] , [7] . The authors of [2] have applied a fluid model to reveal the performance and scalability aspects of BitTorrent. [8] presents an extensive trace analysis and modeling study of BitTorrent-like systems. The recent paper [4] uses a deterministic fluid model and a Markov chain to study the system behavior and an approximation for the life time of a chunk in BitTorrent is also proposed. The behavior of the peers in BitTorrent is studied in the recent paper [7] , where the authors also investigate the file availability and the dyingout process. The population dynamics of the P2P systems is also addressed in [3] , where a spatio-temporal model is proposed to analyze the resource usage of the system.
The main difference between these papers and our paper is that our analysis is entirely based on the theory of branching processes. We create a reasonable model for filesharing P2P system and derive a detailed characterization of the system in a particular way. In the most related previous work the authors in [5] also applied a branching process model but their analysis was restricted to showing the sensitivity of the exponential growth behavior to the system parameters in the transient regime. [5] uses the simplest branching model to explain the basis of population growing without any consideration of a real P2P system operation.
tt. MODELING FILE POPULATION OF P2P SYSTEMS
The objective of the proposed model is to describe the main characteristics of P2P file-sharing systems: the population of shared files. Technically all the available P2P file-sharing systems apply the same rule. P2P users contribute to the common system resource by providing the access to a set of their files and they have access to the common resource in return. tn general, the common resource consists of one 1-4244-1521-7/07/$25.00 ©2007 IEEE or several copies of some individual, unique files. This is straightforward, since a unique file provided by a P21P user in the file-sharing system will be downloaded by the other peers and some of them will also share this one to the system. The system state is modified each time a file download is completed.
From a modeling point of view the operation of P2P systems can be simplified by focusing on an individual file. At a certain point in time, a file is first introduced into the system. Assuming that this individual is 'interesting' for the community: it could be a new movie video or a popular MP3 song. Probably this file will be downloaded by some other peers and now there are already several copies of the file in the system. The new copy can also be cloned by further peer's download and so on. This mechanism is very similar to the branching process model of population growth, mainly applied in the field, of biology. This suggests the idea of using branching processes to model the file population of the P2P file-sharing systems.
Results from the analysis of branching processes can give us a detailed understanding of the population size of shared files, which is the most important feature of a P2P system. The conditions related to the explosion, stagnation or extinction of the population could be the milestones of a successful P2P system design.
Branching processes have been studied for over a century. If we impose that XO = 1 then
,2n-2)
The mean of offsprings (,u) has direct impact on the behavior of population growth: extinction or explosion. The branching processes with At < 1, I = 1 and t > I are referred to as subcritical, critical, and supercritical branching processes, respectively. In the first two cases the popularity dies out with probability 1, while in the last case the population size tends to oo as n increases. An important difference between the subcritical and critical cases is that the mean of the extinction time T = min{n > I : X,, = } is finite for At < 1, i.e., E[T] < oc, and, infinite for A 1. Note that in both cases P[T < oc] = I [1] .
B. Age-Dependent Multitype Branching Process Model ofFile Population
The real operation of the P2P system is much more complicated, than the model discussed above. Several important properties of real P2P systems must be taken into account:
. Offsprings (copies) of an individual (file) are born at different (random) points in time. exp(At) (7) n-oc n--cx n (7) implies that EZt grows exponentially with a rate determined by the eigenvalues of A. Let (ii) A 1 1-Pu < min{fr1, 72}, and P13 70°P roof: The proofs of lemmas and propositions presented in this paper are detailed in [14] . U Lemma 1 and 2 show the conditions for the existence of positive eigenvalue(s). These results are important since we will show later in Lemma 6 that the existence of positive eigenvalues results in the explosion of the population size. It is interesting that the sufficient conditions do not depend on several parameters, e.g. Ca, 3, P12, and also P21 in Lemma 2(ii).
The following lemma shows conditions for non-positive eigenvalues. Lemma 1/ Since y1 > 'y2, the three eigenvectors fornn a basis in R3 and the expected number of peers will be the following: This yields some important results, Lemma 4: If y1 = 0 the expected numbers of active and passive offsprings are bounded while the expected value of dead offsprings grows linearly as t tends to infinity.
Lemma 5: If y1 < 0, the process will stop growing with probability 1. Lemma 5 shows that in case of the existence of non-positive eigenvalues the population will become extinct. It is also interesting that the sufficient conditions in Lemma 3 do not depend on a, 3, and P21 Lemma 6: If the matrix A has a positive eigenvalue, i.e. 'yl > 0, the mean number of active, passive and also dead peers tends to infinity. However, the process can still die out in this case, even with a very small probability.
This lemma shows that the existence of the positive eigenvalue which determined by the parameters as shown by Lemma 1 and 2 yields to the explosion of population size of shared files. A. Simulation results The P2P system model as described in section I -B is simulated using Matlab. The parameter A is set to be 1, i.e., only adn offspring is bortn from its parent at a certaitn point in time. We will show how the set of system parameters can predict exactly the long-term behavior of the P2P system. Fig. 3 . The figure displays the change of active and passive peers in the function of time. Once the number of these peers is zero the system is extinguished. It can be seen that it happens after about 160 time units.
If we change i = 0.15,r2 = 0.25 while keeping the others unchanged the Lemma 2 holds This implies that the population of all types of peers is likely to tend to infinity. The exact calculation provides -yi =0.l, 2 -0.365. The growth of population is also justified by simulation results, see e.g. Fig. 4 Fig. 6 . The system actually died out at about 1350.
B. Applicability of the model
It is important to verify the model in a real P2P system. However, without the access to the source codes of these running systems the model parameters are hard to collect. Unfortunately, a normal network monitoring cannot provide all needed information to use in the model. We are working on this issue but the model verification in a working P2P system is not addressed in this paper.
Nevertheless, this issue is straightforward in the case of the system operators. By putting a built-in statistical monitor in their software the model parameters can easily be estimated over time. With the help of the model the operation tendency of the system can be predicted. The impact of their possible modifications and developments can also be easily measured.
C. Practical implications
The proposed branching process model of P2P filesharing systems provides a very clear, simple, and reliable description of the population dynamics of the shared files in the system. The model establishes several practical implications which should be carefully considered by P2P system designers and operators.
* If the population grows, the rate of growth is exponential (see (7) In this paper we presented a mathematical model to capture the main characteristics of file-sharing peer-to-peer systems. Our model is general and flexible enough to be applied for most of the file-sharing P2P applications in current use. Our results clearly predict the long-term dynamics of the population size.
We have shown that with fixed values of the parameter set the file population will either explode or die out. The important conditions that depend on the system parameters and, that determine which case will happen are derived. We also derived the ratio of active, passive and dead peers in the long-tern regime and showed that the growth is exponential. Using our results we have found some important practical implications: the population can explode even if most of the peers are free loaders, and, the population can become extinct even if most of the peers are cooperative. We can conclude that the free loaders are not the only factor which determines the system behavior.
We proposed, some useful guidelines which can help the design and control of such systems since according to our results one can control and predict the system behavior in the future.
